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Abstract. We present a new operator equality in the framework of Hilbert C*-niodules. 
As a consequence, we get an extension of the Euler-Lagrange type identity in the setting of 
Hilbert bundles as well as several generalized operator Bohr's inequalities due to O. Hirzal- 
lah, W.-S. Cheung-J.E. Pecaric and F. Zhang. 



1. Introduction 

The classical Bohr's inequality states that for any z,w E C and any positive real numbers 
r, s with i + i = 1, 

' r s ' 

+ <r|2;p + s|tt;|^. 

Many interesting generalizations of this inequality have been obtained in various settings; cf. 
[Il[2l[5l[7l[9l[ini[IIl[l2l[T5l[l6]. O. Hirzallah [2] showed that if A, B belong to the algebra 
B(^) of all bounded linear operators on a complex Hilbert space J€' and q > p > 1 with 
1/p + 1/g = 1, then 

|A- + 1(1 -p)A- B\^ < + 

where \C\ := (C*C)V2 denotes the absolute value of C g B(Jf ). W.-S. Cheung and 
J.E. Pecaric [Ij extended the above inequality for all positive conjugate exponents p, g G M. 
In addition, F. Zhang [16], among others, generalized the above work of O. Hirzallah and 
presented an identity [161 Theorem 2] by removing the condition q > p. 

In this paper we present a new operator equality in the framework of Hilbert C*-modules. 
As a consequence, we get a generalization of the Euler-Lagrange type identity in the setting 
of Hilbert bundles over locally compact spaces and extend the operator inequalities of [T], 
[2j and [16] to get more generalized inequalities of the Bohr inequality type. 
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2. Preliminaries 



The notion of Hilbert C*-module is a generalization of the notion of Hilbert space. This 
object was first used by I. Kaplansky [3]. Hilbert C*-modules are useful tools in Kasparov's 
formulation of i^i^-theory, theory of operator algebras, group representation theory, non- 
commutative geometry and theory of operator spaces. It provides a framework for extending 
the notion of Morita equivalence to C*-algebras and that of vector bundle to noncommutative 
C*-algebras. The theory of Hilbert C*-modules is interesting on its own right. 

Let he a C*-algebra and J?r be a complex linear space, which is a right isZ-module 
satisfying X{xa) = x{Xa) = {Xx)a for x G G =2/, A G C. The space ^ is called a 

(right) pre-Hilbert C* -module over (or a (right) pre-Hilbert ^ -module) if there exists an 
=g/-inner product {.,.): x satisfying 

(i) {x, x) > and {x, x) = if and only if x = 0; 

(ii) (x, y + Xz) = {x, y) + A(x, z); 

(iii) {x,ya) = {x,y)a; 

(iv) {x,y)* = {y,x); 

for all x,y, z E ^ , A G C, a G 

We can define a norm on by ||x|| = || (x, x) ||^. A pre-Hilbert ^/-module is called a (right) 
Hilbert C*-module over (or a (right) Hilbert -module) if it is complete with respect to 
its norm. The notion of lejt Hilbert £^ -module can be defined in a similar way. 
Three typical examples of Hilbert C*-modules are as follows. 

(I) Every Hilbert space is a left Hilbert C-module. 

(II) Let be a C*-algebra. Then ^ is a Hilbert i2/-module via (a, h) = a*b (a, b G £/). 

(III) Let 

00 

^2(^) = {('^j)jeN : c^i «j norm-converges in ssf, ai G £^ , i = 1, 2, . . . } . 

i=l 

Then £2(^2/) is a Hilbert ^-module under the natural operations A(ai) + (bi) = (Aa, + bi), 
{ai)a = {ato) and ((a^), {pi)) = 

A mapping T : ^ W between Hilbert ^-modules is called adjointable if there exists a 
mapping S : '3^ ^ such that {T{x),y) = {x,S{y)) for all x G ^,y G The unique 
mapping 5* is denoted by T* and is called the adjoint of T. It is easy to see that T and 
T* must be bounded linear .^/-module mappings. We denote by C{^,'3^) the space of all 
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adjointable mappings from ^ to ^ . We stand for the unital C*-algebra 

cf. [2 p. 8]. 

For every x G <^ we define the absolute value of x as the unique positive square root of 
(x, x), that is, |x| = (x, x)^. We refer the reader to [8| for undefined notions on C*-algebra 
theory and to [U El [13] for more information on Hilbert C*-modules. 

Throughout the paper, we assume that and '3/ are Hilbert C*-modules over a unital 
C*-algebra with unit e. The identity operator on a set E is denoted by Ie- By 2(^) we 
denote the center of a C*-algebra . 

3. Main results 

Theorem 3.1. Let a,(3,-i G M and let T,S e C{^,^) be such that T*S G C{^) is 
self-adjoint and aT*T + f3S*S = 'jlx- Then 

a(3\Tx + Syl"^ + \(3Sx - aTy\'^ = /37|x|2 + a-f\y\'^ 

for all x,y E ^ . 
Proof. Since 

|Tx + 5i/|2 

and 

\(3Sx-aTy\'^ = 

we get 

a(3\Tx + Sy\'^ + \(3Sx 

= P'y\x\" + a'y\y\" . 

□ 



= (Tx + Sy, Tx + Sy) 

= (Tx, Tx) + (Tx, Sy) + {Sy, Tx) + {Sy, Sy) 

= {T*Tx,x) + {S*Tx,y) + {T*Sy,x) + {S*Sy,y), 

{PSx — aTy, [3Sx — aTy) 

(3'^{Sx, Sx) — a(3{Sx, Ty) — a[3{Ty, Sx) + a'^{Ty, Ty) 
(3^{S*Sx, x) - a(3{T*Sx, y) - a(3{S*Ty, x) + a^{T*Ty, y) 

-aTy\'^ = f3{{aT*T + (3S*S)x,x) +a{{aT*T + (3S*S)y,y) 



The following useful result is deduced from Theorem 13. II It can be proved directly as well. 
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Theorem 3.2. Let a,l3,'y G M and let x,y E ^ be such that {x,y) is self-adjoint and 
a{x,x) + l3{y,y) = •ye. Then 

aP\xa + yh\^ + \l3ya — axh\^ = P'j\a\'^ + a'j\b\'^ 

for all a,b E s^/ . 

Proof. For each z E ^ , consider two mappings : ^ ^ and z : ^ sz/ defined by 
Tz{a) = za and z{v) = {z,v). The adjoint of Tj is z, since 

{Tz{a),v) = {za,v) = a*{z,v) = a*z{v) 

for all a E ^ and v G Furthermore, T*Ty is self-adjoint since 

T^Tyia) = x{ya) = {x,ya) = {x,y)a = {y,x)a = {y,xa) = y{xa) = T*T^{a) 

for all a G . In addition, 

{aT*T^ + (3T*Ty) (a) = ax{xa) + (3y{ya) 

= a{x,xa) + P{y,ya) 

= {a{x,x) + l3{y,y))a 

= jlj^{a) 

for all a G Applying Theorem 13. II with T = and S = Ty, we obtain 

a(3\T^a + Tyb\^ + \l3Tya - aT^b\^ = (3j\a\'^ + a-f\b\'^ (a, 6 G ^) 

which proves the theorem. □ 

Applying Theorem 13.21 for elements of the Hilbert C*-module i2{-^) we get the following 
result. 

Corollary 3.3. Let a,/3,7 G M and let {ai)i,{bi)i G i2{-^) be such that X^^i is self- 
adjoint and a Xli^i + Si^i l^jP ~ 7^- Then 

oo oo 

a/3 loja + + |/3&ia — aaib^ = P'j\a\'^ + aj\b\'^ 

i=l i=l 

for all a,b E . 
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Recall that the space M{J^, J^) of all bounded linear operators between Hilbert spaces Jif 
and can be regarded as a Hilbert C*-module over the C*-algebra B(J^) via (T, S) = T*S. 
Then the direct sum 

^ = B(^, JT) © ■■•©B(^, JT) = {{Ti,...,Tn) : Ti G M{J^,jr),i = l,...,n} 

V ' 

n 

is a Hilbert B(^)-module, where the inner product is defined as ((Tj)j, (S'j)j) = J2^=i'^i 
(Ti, Si G B(^, ^)). For such a Hilbert C*-module Theorem 13.21 can be stated as 
follows. 

Corollary 3.4. Let a,f3,'j G M and let Ti, . . . ,Tn, Si, . . . , Sn G M{Jif,J^) be such that 
Yll=i TiSi is self-adjoint and a Ya=i ^iTi + /3 Yh=i ^l^i = ll^- Then 

n n 

al3^{TiA + SiBYiTiA + S^B) + ^{I3S,A - aTiBy{(3SiA - aX,B) = (3'y\A\^ + a^\B\^ 

i=l i=l 

for allA,Be M{J^). 

As another consequence of Theorem 13.11 we have the following generalization of the Euler- 
Lagrange type identity [14] in the framework of Hilbert C*-modules. 

Theorem 3.5. Let a,/3,7 G M and let a,b E Z{j^) be such that a*b is self-adjoint and 
aa*a + pb*b = 'je. Then 

a(3\xa + yb\'^ + \l3xb — aya\'^ = /?7|x|^ + a7|?/|^ 

for all x,y E ^ . 

Proof. For each c G Z{£i^), the mapping : ^ ^ ^ defined by Tc(x) 
Tc. , since 

{Tcix),y) = {xc,y) = c*{x,y) = {x,y)c* = {x,yc*) = {x,T^*{y)) 
Furthermore, 

a-l-b — J-a'-J-b — J-a'b — -^b*a — -^b'-^a — J-b-'-ai 

and 

aT*Ta + (3T^Tb = Taa*a+f3b*b = T^e = 7^e = 7-^5^- 

The result follows by applying Theorem 13. II with T = Ta and S = Tf,. 



xc has the adjoint 
{x,ye^). 



□ 
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Next consider a locally compact space K and assume that B = IJtex ^ bundle 

of Hilbert spaces over K which satisfies appropriate continuous properties. Then the set 
Co{K,B) of all continuous mappings : K —>■ B which vanishes at infinity and fulfills 
(f{t) G J^t {t G K) is a Hilbert Co(-ft')-module via 

:=^(t)/(t) := {mMt))t ifeCoiK),^,^eCoiK,B)), 

where stands for the inner product of Hilbert space (we denote the induced norm 
in by ||.||t); see [3]. It is easy to see that \ip\ is the function t t— ||<y5(t)||f (t E K). 
The following result immediately follows from Theorem I3.5[ The special case, where K is 
singleton, gives rise to the classical Euler-Lagrange type identity. 

Corollary 3.6 (Generalized Euler-Lagrange type identity). Suppose that B = IJteE- =^ '^^ 
bundle of Hilbert spaces over a locally compact space K . Let a, /5, 7 G M and let f,gE Co{K) 
be real functions such that af{t)'^ + l3g{tY = 7 (t G K). Then 

sup {aPMt)f{t) + mgmi + WMmt) - o^mimi) = sup {^iMmi + o^iwmwi) 

for all (p,ip e Co{K, B). 

A generalization of Bohr's inequality in Hilbert C*-modules deduced from Theorem 13.51 
as well as some generalizations of main results of [U Theorem 1 and Corollary 1] and [21 
Theorem 1] can be presented in the following theorem. 

Theorem 3.7. Let p,q > 1 be conjugate components. Then 

\x - H ^1(1 - p)x - = + q\y\'^ (3.1) 

p — 1 

for allx,y in a Hilbert C* -module ^ . Moreover, 

{%) \x — + 1(1 — p)x — < p\x\^ + <^=^ p < 2 or (1 — p)x = y , 
{ii) |x — ?/p + 1(1 — p)x — >p|a;|^ + Q\y\'^ ^ P > 2 or (1 — p)x = y . 



Furthermore, in (i) and (ii) the equality holds on the left hand side of the equivalence if and 
only if p = q = 2 or (1 — p)x = y. 
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Proof. Apply Theorem 13.51 with a = e, b = —e, a = l, (3 = p— 1 and 7 = p. 

To achieve (i), use (13.11) and the fact that 1 < if and only if p < 2. The rest can be 

proved in a similar way. □ 

Remark 3.8. A similar assertion can be proved for the case where p < 1, see [U, Theorem 
2]. Theorem 13.71 generalizes Bohr's inequality in Hilbert C*-modules only when p and q are 
positive conjugate exponents and p < 2. Interchanging x ^ y and p ^ q in (13.11) we also 
have 

\x-y\^^ — ^1(1 -q)y-x\^ = pIxI"^ + g\y\^ ■ 

q- 1 

From this we have a generalization of Bohr's inequality in the case when p > 2 (that is, 
1 < g < 2). Namely, statement (i) of Theorem 13.71 now reads as follows: 

|a; — + 1(1 — q)y — x\'^ < pIx]"^ + q\y\'^ p > 2 or {1 — q)y = x . 

One more consequence of Theorem 13.11 is the following result. 

Corollary 3.9. Let a, (3 be positive real numbers satisfying a + f3 = 1. Let T, S E C{^, 
be such that T*S G C{^) is self-adjoint and aT*T + PS*S = . Then 

\l3Sx + aTy\'^ < + 

for all x,y E ^ . 

Proof. The result follows immediately from Theorem 13. II by taking j = a + (3 = 1. □ 

Our next result is a generalization of Corollary 13.91 in the case of an arbitrary number of 
finitely many elements oi C{^). 

Theorem 3.10. Let n > 2 be a positive integer, let Ti, . . . ,Tn G C{JK), let T*T2 be self- 
adjoint, and let ti, . . . ,tn be positive real numbers such that Y17=i = 1 ^'^^ ^27=1 = 
I^. For n > 3, assume Ti or T2 is invertible in C{^), operators T3, . . . , T„ are self-adjoint, 
and Ti\Tj\ = \Tj\Ti for all 1 < i < j < n. Then 

\tiTiXi H h tnTnXnl'^ < ti^il^ H h t„|a;„|^ (3.2) 



for all Xi, . . . ,Xn G ^ . 
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Proof. We prove the statement by induction on n. The base case is true by Corollary 13.91 
Suppose now that the inequality fl3.2p holds for n — 1 > 2 elements and let us show that it 
holds for n elements Ti, . . . , T„. Assume that is invertible for some k G {1, 2}. Then 

n — 1 

- tn\Tn\^ = Y,^i\Ti\^ > tk\Tk\^ > 
i=l 

implies invertibility of J^*, — t„|T„p in C{^). Let us put 

n-l 

y = ^ ^ SiSiXi, 

i=l 

where 

,2^-l 



1-tr 



Si = VI^MIX- - tn\Tn\T~' (2 = 1, . . . , n - 1). 



Clearly, Yll=i = '^^ Si are self-adjoint for i = 3, . . . , n — 1, 5^ is invertible as the product 
of two invertible operators, and SIS2 is self-adjoint since 

= (1 -tn|T„p)-^r*Ti(/^- -t„|T„|2)-| = S*S,. 

Observe that for each 1 <i < j < n, Ti\Tj \ = \Tj\Ti implies |Tj||Tj| = |TjHTj| from which we 
get 

|5,f = (1 - - t,\TXr^T,\\I^ - t.|T„n-| = (1 - Q\T,\\I^ - t„|T„|2)-i 

for all 1 < j < n — 1 . It follows that 

S,\S,\' = (l-t„)§T,(J^-t„|T„p)-i|T,f(/^--t„|T„|2)-i 

= (l-t„)§|T,f(Jr-tn|T„|2)-iT,(/^--t„|T„|2)-| = \S,\'S,, 

whence Si\Sj\ = |S'j|S'j for all 1 < i < j < n — 1. In addition. 



n— 1 n— 1 



1=1 



By the inductive assumption we conclude that 



n-l 



bl'< (3.3) 



1=1 
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Let US denote W = ^^(/^- - t„|T„|2)i Then 

2 



[I - tn)\W\^ + tJTJ^ = a-tn] 



^ (/s--tn|T„P)i 



tnlTnl' = Is: (3.4) 



Also, 

n-l 



i=l 

n-l 



i=l 

n-l 



^tiTiXi. (3.5) 



1=1 



Using (13. 3p . (13. 4p . (13. 5p and the fact that T„ is self-adjoint, we obtain 

ItlTiXi H V tn-lTn-lXn-l + tnTnXn\^ = \{l - tn)Wy + tnTnXn\'^ 

< (1 -t„)|yP + t„|x„|2 

— ^11.^11 ~l~ ■ ■ ■ ~l~ ^71— 1 l^^n— 1 1 ~l~ ^n!'''?!! . 

This proves the theorem. □ 

Remark 3.11. In Theorems 13.11 and 13.101 and Corollary 13.91 we do not need the underlying 
C*-algebra to be unital. 

Corollary 3.12. Let n > 2 be a positive integer, let G let a\a2 he self- 

adjoint, and letti, . . . , tn be positive real numbers such that ^^^j^ ti = 1 and Yl^=i ^ikiP = ^■ 
For n >3, assume that ai or a2 is invertible in and a^, . . . ,an are self-adjoint. Then 

l^lXiai + ■ ■ ■ + inXnttnl'^ < ^1 l^^l ^ + ■ ■ ■ + ^n^n^ (3-6) 

for all xi, . . . ,Xn G ^ . 

Proof. Let Tj : =^ be the mapping defined by Tj(x) = xoj {i = 1, . . . ,n). Then, as 



seen in the proof of Theorem 13. 5[ T* = Ta* and so |Tj| = T^a^i- One can easily verify that 
the operators Tj satisfy the assumptions of Theorem 13.101 Thus inequality (13.21) turns into 
dMl). □ 
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When 5^ is the C*-algebra M{J^) regarded as a Hilbert C*-module over itself, and Oj = 
Ijf = 1) • • • 5 the above result reduces to Theorem 7 of Zhang |16j, which is an AM-QM 
operator inequality. 

Corollary 3.13. Let Ai,...,An G M{J^). Then, for any set of nonnegative numbers 
ti, . . . ,t„ with YJi=i'ti = 1' 



i=l 



< 



^ ^ ti\Ai 



4 = 1 
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